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Calculus of Variations and Optimal Control Theory: Exploring the Foundations and Applications

calculus of variations and optimal control theory form the backbone of a fascinating area in
applied mathematics that deals with finding the best possible solution among a set of feasible
alternatives. Whether you're trying to determine the shortest path, the shape of a hanging cable, or
the most efficient way to manage resources in a dynamic system, these fields provide powerful tools
to tackle such problems. Their blend of mathematical elegance and practical utility has made them
indispensable in engineering, economics, physics, and beyond.

Understanding the Basics: What Is Calculus of
Variations?

At its core, calculus of variations is about optimizing functionals. Unlike ordinary calculus, which
focuses on functions and their derivatives, calculus of variations deals with functionals—mappings
from functions to real numbers. Imagine you want to find a function that minimizes (or maximizes) a
certain quantity; the calculus of variations gives you the mathematical framework to do just that.

For example, consider the classic problem of the brachistochrone curve, which seeks the path of
quickest descent between two points under gravity. Instead of looking for a single number, the
problem requires finding the function (the path) that minimizes travel time. This is a quintessential
example where calculus of variations shines.

The Euler-Lagrange Equation: The Heart of Calculus of
Variations

A key result in calculus of variations is the Euler-Lagrange equation. This differential equation
provides necessary conditions for a function to be an extremum (minimum or maximum) of a given
functional. Essentially, if you want to know which function optimizes an integral, the Euler-Lagrange
equation helps you find it.

The general form looks like this:

\[
\frac{\partial F}{\partial y} - \frac{d}{dx} \left( \frac{\partial F} {\partial y'} \right) = 0,
\]

where \( F ) is the integrand dependent on the function \( y(x) \) and its derivative \( y'(x) \). Solving
this equation under appropriate boundary conditions yields the function that optimizes the functional.



Optimal Control Theory: Extending the Ideas to
Dynamic Systems

While calculus of variations focuses on static optimization of functionals, optimal control theory
extends these ideas to dynamic systems governed by differential equations. Here, the goal is to find a
control strategy that guides the system from an initial state to a desired final state while optimizing a
performance criterion, often expressed as a cost functional.

For instance, in aerospace engineering, optimal control theory helps determine the thrust and
trajectory for spacecraft to minimize fuel consumption or travel time. Similarly, in economics, it
assists in crafting policies for optimal investment or resource allocation over time.

The Pontryagin’s Maximum Principle

One of the cornerstones of optimal control theory is Pontryagin’s Maximum Principle. This principle
provides necessary conditions for an optimal control and state trajectory, incorporating the system
dynamics and performance index. It introduces the concept of adjoint variables (or costate variables),
which act like Lagrange multipliers in constrained optimization.

According to the principle, the optimal control maximizes the Hamiltonian function constructed from
the system state, control variables, and adjoint variables. This transforms the problem into solving a
boundary value problem involving differential equations for both the state and adjoint variables.

Dynamic Programming and the Hamilton-Jacobi-Bellman
Equation

Another powerful method in optimal control is dynamic programming, which tackles the problem by
breaking it into smaller subproblems and solving recursively. The Hamilton-Jacobi-Bellman (H)B)
equation emerges from this approach—a partial differential equation describing the value function
representing the minimum cost-to-go from any given state.

Solving the H)B equation provides not only the optimal cost but also the optimal control policy. While

the equation can be challenging to solve analytically, it forms the foundation for many numerical
algorithms in control theory.

Applications and Real-World Impact

The synergy between calculus of variations and optimal control theory has led to groundbreaking
advancements in various fields. Here are some areas where their application has been particularly
transformative:

* Aerospace and Robotics: Designing optimal trajectories, controlling robotic arms, and



managing autonomous vehicles.

e Economics and Finance: Portfolio optimization, optimal investment strategies, and resource
management over time.

e Physics and Engineering: Finding minimal energy configurations, optimizing mechanical
systems, and controlling chemical processes.

* Medicine and Biology: Modeling optimal drug dosage schedules, understanding biological
growth processes, and managing populations.

Each application leverages the mathematical rigor of these theories to solve complex, real-world
problems where efficiency and precision are paramount.

Tips for Getting Started with Calculus of Variations and
Optimal Control

If you're intrigued by these topics and want to dive deeper, here are some helpful pointers:

1. Build a strong foundation in differential equations and classical calculus. These are
essential to understanding the underlying mathematics.

2. Study variational principles in physics. Problems like the principle of least action provide
insightful contexts.

3. Explore textbooks and resources focused on the Euler-Lagrange equation and
Pontryagin’s Maximum Principle. They often include step-by-step problem-solving
techniques.

4. Use software tools like MATLAB or Python libraries (e.g., SciPy) for numerical
simulations. These help visualize solutions and experiment with different scenarios.

5. Look into advanced topics such as stochastic control and game theory if you're
interested in further specialization.

Bridging Theory and Practice

One of the most exciting aspects of calculus of variations and optimal control theory is how they
bridge pure mathematics with tangible outcomes. While the theoretical framework can be abstract,
the results help optimize everything from robot movements to financial portfolios. They empower
engineers and scientists to make decisions that are not just feasible but the best possible under given
constraints.



Moreover, ongoing research continues to expand these fields. For example, incorporating machine
learning techniques into optimal control opens new doors for adaptive and intelligent systems.
Similarly, advances in computational methods enable solving increasingly complex variational
problems that were once intractable.

In essence, the calculus of variations and optimal control theory form a dynamic duo—melding
timeless mathematical principles with cutting-edge applications that shape the modern world.
Whether you're a student, researcher, or practitioner, delving into these subjects offers a rewarding
journey into the art and science of optimization.

Frequently Asked Questions

What is the fundamental problem addressed by the calculus
of variations?

The fundamental problem of the calculus of variations is to find a function that minimizes or
maximizes a given functional, typically an integral depending on the function and its derivatives.

How does optimal control theory extend the calculus of
variations?

Optimal control theory extends the calculus of variations by dealing with dynamic systems governed
by differential equations and aims to find control functions that optimize a performance criterion over
time.

What is the Euler-Lagrange equation and why is it important?

The Euler-Lagrange equation is a differential equation derived from the calculus of variations that
provides necessary conditions for a function to be an extremum of a functional; it is essential for
solving variational problems.

What role do Pontryagin's Maximum Principle and the
Hamilton-Jacobi-Bellman equation play in optimal control?

Pontryagin's Maximum Principle provides necessary conditions for optimality in control problems
through the use of adjoint variables, while the Hamilton-Jacobi-Bellman equation offers a dynamic
programming approach giving sufficient conditions for optimality via a value function.

How are constraints handled in calculus of variations and
optimal control problems?

Constraints in calculus of variations and optimal control can be handled using methods like Lagrange
multipliers, penalty functions, or by incorporating them directly into the problem formulation, such as
using constrained variational principles or boundary conditions.



Additional Resources

Calculus of Variations and Optimal Control Theory: Exploring the Mathematical Foundations of
Dynamic Optimization

Calculus of variations and optimal control theory represent two intertwined branches of
mathematical analysis that have significantly influenced contemporary science, engineering, and
economics. These disciplines focus on finding functions or control policies that optimize certain
performance criteria, often under complex constraints. While calculus of variations dates back to
classical problems in physics and geometry, optimal control theory has evolved as a modern
generalization, particularly suited for dynamic systems governed by differential equations.
Understanding these fields provides crucial insights into solving optimization problems that appear
ubiquitously, from spacecraft trajectory design to financial asset management.

The Foundations of Calculus of Variations

At its core, calculus of variations is concerned with optimizing functionals—mappings from a space of
functions to the real numbers. Unlike conventional calculus, which deals with functions and their
derivatives, calculus of variations seeks to find an optimal function that minimizes or maximizes a
given integral expression. A classic example is the brachistochrone problem posed by Johann
Bernoulli in the 17th century, where the goal is to determine the curve along which a particle slides
under gravity from one point to another in the shortest time.

The methodology involves considering small perturbations of the candidate function and analyzing
the first variation to derive necessary conditions for optimality. These conditions often take the form
of the Euler-Lagrange differential equations, which serve as the fundamental tool to characterize
extremals. The versatility of calculus of variations extends to diverse applications such as geodesics
on surfaces, minimal surfaces in geometry, and even principles of least action in physics.

Mathematical Formulation

Typically, a calculus of variations problem is formulated as:

\[
\min_{y(\cdot)} JIy] =\int_{a}~{b} L(x, y(x), y'(x)) \, dx
\]

where \( y(x) \) is the unknown function to be optimized, \( y'(x) \) its derivative, and \( L \) the
Lagrangian function that encodes the cost or energy to be minimized. The solution requires \( y(x) \)
to satisfy the Euler-Lagrange equation:

\[
\frac{\partial L} {\partial y} - \frac{d}{dx} \left( \frac{\partial L} {\partial y'} \right) = 0
\]

This differential equation characterizes the stationary points of the functional \( ] \).



From Calculus of Variations to Optimal Control Theory

While calculus of variations provides powerful tools for static problems or those with fixed endpoints,
optimal control theory generalizes these concepts to dynamic systems with controls influencing their
state evolution over time. Emerging prominently in the mid-20th century, optimal control theory
addresses problems where the objective is to determine a control function that drives a system from
an initial state to a desired final state while optimizing a performance index.

Optimal control theory is particularly crucial when the system dynamics are governed by ordinary
differential equations:

\[
\dot{x}(t) = f(t, x(t), u(t))
\]

where \( x(t) \) represents the state vector, \( u(t) \) the control input, and \( f\) the system’s
dynamics. The goal is to find the control \( u(t) \) that minimizes or maximizes a cost functional of the
form:

\[
Jlul =\int_{t_0}~{t_f} L(t, x(t), u(t)) \, dt + \Phi(x(t_f))
\]

where \( \Phi \) is a terminal cost.

Key Concepts and Tools

One of the central results in optimal control theory is the Pontryagin Maximum Principle (PMP), which
offers necessary conditions for optimal controls. PMP introduces the Hamiltonian function:

\[
H(t, x, u, \lambda) = \lambda~\top f(t, x, u) + L(t, x, u)
\]

where \( \lambda(t) \) is the costate vector, akin to Lagrange multipliers in constrained optimization.
The principle states that optimal controls maximize (or minimize) this Hamiltonian at every instant.
This leads to a boundary value problem involving the state and costate equations, which must be
solved simultaneously.

In addition to PMP, the Hamilton-Jacobi-Bellman (H)B) equation represents a dynamic programming
approach to optimal control, providing a partial differential equation that characterizes the value
function of the control problem. While PMP gives necessary conditions, HJB offers sufficient conditions
and is foundational in stochastic control and reinforcement learning.



Applications and Implications in Modern Fields

The practical relevance of calculus of variations and optimal control theory spans an impressive range
of disciplines. In aerospace engineering, optimal control algorithms determine thrust profiles for
rockets and satellites, minimizing fuel consumption while adhering to mission constraints. In robotics,
control theory guides path planning and manipulator motion, balancing precision and energy

efficiency.
Financial engineering leverages stochastic optimal control to manage portfolios and price derivatives,
integrating uncertainty and market dynamics. Similarly, in economics, dynamic optimization models

rely heavily on these theories to analyze optimal investment, consumption, and resource allocation
over time.

Advantages and Challenges

The calculus of variations and optimal control theory offer several advantages:
¢ General Framework: They provide a rigorous mathematical structure to approach a wide
spectrum of optimization problems involving functions or dynamic systems.
* Flexibility: Capable of incorporating constraints, multiple objectives, and nonlinear dynamics.

¢ Analytical and Numerical Methods: The theories support both closed-form solutions in
simple cases and numerical algorithms for complex real-world problems.

However, there are challenges:
e Computational Complexity: Solving boundary value problems or HJB equations can be
computationally intensive, especially in high-dimensional systems.

e Existence and Uniqueness: Not all problems guarantee existence or uniqueness of optimal
solutions, complicating analysis.

¢ Nonlinearity and Nonconvexity: Many practical problems are nonlinear and nonconvex,
making global optimization difficult.

Numerical Approaches and Modern Developments

Due to the complexity inherent in many real-world problems, numerical methods play a vital role in
applying calculus of variations and optimal control theory. Techniques such as the finite difference
method, collocation, and shooting methods approximate solutions to Euler-Lagrange or PMP boundary



value problems. More recently, direct methods transform the control problem into nonlinear
programming problems solvable by powerful optimization solvers.

Advances in computational power and algorithms have also facilitated the integration of machine
learning with optimal control. Reinforcement learning, for instance, draws on dynamic programming
principles to learn optimal policies in uncertain environments without explicit models.

Emerging Areas of Research

Research continues to expand the frontiers of these fields, focusing on:

e Stochastic Optimal Control: Addressing uncertainty and noise in system dynamics and
observations.

e Hybrid Systems Control: Combining discrete and continuous dynamics for complex cyber-
physical systems.

¢ Quantum Optimal Control: Optimizing quantum system manipulations for quantum
computing and information processing.

e Data-Driven Control: Utilizing data and learning algorithms to develop control policies when
system models are incomplete or unknown.

The interplay of calculus of variations and optimal control theory continues to be a fertile ground for
innovation, with profound implications for technology and science.

The depth and breadth of calculus of variations and optimal control theory underscore their
foundational role in understanding and solving optimization problems across disciplines. As
computational techniques evolve and interdisciplinary applications grow, these mathematical
frameworks remain indispensable tools for navigating the complexities of dynamic systems and
optimal decision-making.
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covers extensions to optimal control theory. The author opens with the study of three classical
problems whose solutions led to the theory of calculus of variations. They are the problem of
geodesics, the brachistochrone, and the minimal surface of revolution. He gives a detailed discussion
of the Hamilton-Jacobi theory, both in the parametric and nonparametric forms. This leads to the
development of sufficiency theories describing properties of minimizing extremal arcs. Next, the
author addresses existence theorems. He first develops Hilbert's basic existence theorem for
parametric problems and studies some of its consequences. Finally, he develops the theory of
generalized curves and automatic existence theorems. In the second part of the book, the author
discusses optimal control problems. He notes that originally these problems were formulated as
problems of Lagrange and Mayer in terms of differential constraints. In the control formulation,
these constraints are expressed in a more convenient form in terms of control functions. After
pointing out the new phenomenon that may arise, namely, the lack of controllability, the author
develops the maximum principle and illustrates this principle by standard examples that show the
switching phenomena that may occur. He extends the theory of geodesic coverings to optimal
control problems. Finally, he extends the problem to generalized optimal control problems and
obtains the corresponding existence theorems.

calculus of variations and optimal control theory: The Calculus of Variations and Optimal
Control George Leitmann, 1981-05-31 This book is intended to present an introductory treatment of
the calculus of variations in Part I and of optimal control theory in Part II. The discussion in Part I is
restricted to the simplest problem of the calculus of variations. The topic is entirely classical; all of
the basic theory had been developed before the turn of the century. Consequently the material
comes from many sources.

calculus of variations and optimal control theory: Calculus of Variations and Optimal
Control Theory , 2012

calculus of variations and optimal control theory: Constrained Optimization In The Calculus
Of Variations and Optimal Control Theory ] Gregory, 2018-01-18 The major purpose of this book is to
present the theoretical ideas and the analytical and numerical methods to enable the reader to
understand and efficiently solve these important optimizational problems.The first half of this book
should serve as the major component of a classical one or two semester course in the calculus of
variations and optimal control theory. The second half of the book will describe the current research
of the authors which is directed to solving these problems numerically. In particular, we present new
reformulations of constrained problems which leads to unconstrained problems in the calculus of
variations and new general, accurate and efficient numerical methods to solve the reformulated
problems. We believe that these new methods will allow the reader to solve important problems.

calculus of variations and optimal control theory: Calculus of Variations and Optimal
Control Theory Magnus R. Hestenes, 1969

calculus of variations and optimal control theory: Functional Analysis, Calculus of
Variations and Optimal Control Francis Clarke, 2013-02-06 Functional analysis owes much of its
early impetus to problems that arise in the calculus of variations. In turn, the methods developed
there have been applied to optimal control, an area that also requires new tools, such as nonsmooth
analysis. This self-contained textbook gives a complete course on all these topics. It is written by a
leading specialist who is also a noted expositor. This book provides a thorough introduction to
functional analysis and includes many novel elements as well as the standard topics. A short course
on nonsmooth analysis and geometry completes the first half of the book whilst the second half
concerns the calculus of variations and optimal control. The author provides a comprehensive course
on these subjects, from their inception through to the present. A notable feature is the inclusion of
recent, unifying developments on regularity, multiplier rules, and the Pontryagin maximum
principle, which appear here for the first time in a textbook. Othermajor themes include existence
and Hamilton-Jacobi methods. The many substantial examples, and the more than three hundred
exercises, treat such topics as viscosity solutions, nonsmooth Lagrangians, the logarithmic Sobolev
inequality, periodic trajectories, and systems theory. They also touch lightly upon several fields of




application: mechanics, economics, resources, finance, control engineering. Functional Analysis,
Calculus of Variations and Optimal Control is intended to support several different courses at the
first-year or second-year graduate level, on functional analysis, on the calculus of variations and
optimal control, or on some combination. For this reason, it has been organized with customization
in mind. The text also has considerable value as a reference. Besides its advanced results in the
calculus of variations and optimal control, its polished presentation of certain other topics (for
example convex analysis, measurable selections, metric regularity, and nonsmooth analysis) will be
appreciated by researchers in these and related fields.

calculus of variations and optimal control theory: A Primer on the Calculus of Variations
and Optimal Control Theory Mike Mesterton-Gibbons, 2009 The calculus of variations is used to find
functions that optimize quantities expressed in terms of integrals. Optimal control theory seeks to
find functions that minimize cost integrals for systems described by differential equations. This book
is an introduction to both the classical theory of the calculus of variations and the more modern
developments of optimal control theory from the perspective of an applied mathematician. It focuses
on understanding concepts and how to apply them. The range of potential applications is broad: the
calculus of variations and optimal control theory have been widely used in numerous ways in
biology, criminology, economics, engineering, finance, management science, and physics.
Applications described in this book include cancer chemotherapy, navigational control, and
renewable resource harvesting. The prerequisites for the book are modest: the standard calculus
sequence, a first course on ordinary differential equations, and some facility with the use of
mathematical software. It is suitable for an undergraduate or beginning graduate course, or for self
study. It provides excellent preparation for more advanced books and courses on the calculus of
variations and optimal control theory.

calculus of variations and optimal control theory: Calculus of Variations and Optimal
Control Theory Magnus Rudolph Hestenes, 1966

calculus of variations and optimal control theory: Lectures on the Calculus of
Variations and Optimal Control Theory Laurence C. Young, 1962

calculus of variations and optimal control theory: Optimal Control Bulirsch, Miele, Stoer,
Well, 2013-03-08 Optimal Control reports on new theoretical and practical advances essential for
analysing and synthesizing optimal controls of dynamical systems governed by partial and ordinary
differential equations. New necessary and sufficient conditions for optimality are given. Recent
advances in numerical methods are discussed. These have been achieved through new techniques
for solving large-sized nonlinear programs with sparse Hessians, and through a combination of
direct and indirect methods for solving the multipoint boundary value problem. The book also
focuses on the construction of feedback controls for nonlinear systems and highlights advances in
the theory of problems with uncertainty. Decomposition methods of nonlinear systems and new
techniques for constructing feedback controls for state- and control constrained linear quadratic
systems are presented. The book offers solutions to many complex practical optimal control
problems.

calculus of variations and optimal control theory: Calculus of Variations and Optimal
Control Theory - A Concise Introduction Instructor’s Manual Daniel Liberzon, 2012-01-01 This
textbook offers a concise yet rigorous introduction to calculus of variations and optimal control
theory, and is a self-contained resource for graduate students in engineering, applied mathematics,
and related subjects. Designed specifically for a one-semester course, the book begins with calculus
of variations, preparing the ground for optimal control. It then gives a complete proof of the
maximum principle and covers key topics such as the Hamilton-Jacobi-Bellman theory of dynamic
programming and linear-quadratic optimal control. Calculus of Variations and Optimal Control
Theory also traces the historical development of the subject and features numerous exercises, notes
and references at the end of each chapter, and suggestions for further study. Offers a concise yet
rigorous introduction Requires limited background in control theory or advanced mathematics
Provides a complete proof of the maximum principle Uses consistent notation in the exposition of




classical and modern topics Traces the historical development of the subject Solutions manual
(available only to teachers) Leading universities that have adopted this book include: University of
Illinois at Urbana-Champaign ECE 553: Optimum Control Systems Georgia Institute of Technology
ECE 6553: Optimal Control and Optimization University of Pennsylvania ESE 680: Optimal Control
Theory University of Notre Dame EE 60565: Optimal Control

calculus of variations and optimal control theory: Lectures on the Calculus of Variations
and Optimal Control Theory Calculus of Variations and Optimal Control Theory Laurence Chisholm
Young, 1969

calculus of variations and optimal control theory: Control Theory and Optimization I M.1I.
Zelikin, 2012-11-26 The only monograph on the topic, this book concerns geometric methods in the
theory of differential equations with quadratic right-hand sides, closely related to the calculus of
variations and optimal control theory. Based on the author’s lectures, the book is addressed to
undergraduate and graduate students, and scientific researchers.

calculus of variations and optimal control theory: Calculus of Variations and Optimal
Control N. P. Osmolovskii, 1998-08-18 The theory of a Pontryagin minimum is developed for
problems in the calculus of variations. The application of the notion of a Pontryagin minimum to the
calculus of variations is a distinctive feature of this book. A new theory of quadratic conditions for a
Pontryagin minimum, which covers broken extremals, is developed, and corresponding sufficient
conditions for a strong minimum are obtained. Some classical theorems of the calculus of variations
are generalized.

calculus of variations and optimal control theory: Optimal Control and the Calculus of
Variations Enid R. Pinch, 1995 A paperback edition of this successful textbook for final year
undergraduate mathematicians and control engineering students, this book contains exercises and
many worked examples, with complete solutions and hints making it ideal not only as a class
textbook but also for individual study. The intorduction to optimal control begins by considering the
problem of minimizing a function of many variables, before moving on to the main subject: the
optimal control of systems governed by ordinary differential equations.

calculus of variations and optimal control theory: Constrained Optimization in the
Calculus of Variations and Optimal Control Theory John Gregory, C. Lin, 1992-05-31 A major
problem in current applied mathematics is the lack of efficient and accurate techniques to solve
optimization problems in the calculus of variations and optimal control theory. This is surprising
since problems occur throughout many areas of applied mathematics, engineering, physical
sciences, economics, and biomedicine. For instance, these techniques are used to solve rocket
trajectory problems, current flow problems in electronics manufacturing, and financial risk problems
in investing. The authors have written a unique book to remedy this problem. The first half of the
book contains classical material in the field, the second half unique theoretical and numerical
methods for constrained problems.

calculus of variations and optimal control theory: Classical Mechanics with Calculus of
Variations and Optimal Control Mark Levi, 2014-03-07 This is an intuitively motivated presentation
of many topics in classical mechanics and related areas of control theory and calculus of variations.
All topics throughout the book are treated with zero tolerance for unrevealing definitions and for
proofs which leave the reader in the dark. Some areas of particular interest are: an extremely short
derivation of the ellipticity of planetary orbits; a statement and an explanation of the tennis racket
paradox; a heuristic explanation (and a rigorous treatment) of the gyroscopic effect; a revealing
equivalence between the dynamics of a particle and statics of a spring; a short geometrical
explanation of Pontryagin's Maximum Principle, and more. In the last chapter, aimed at more
advanced readers, the Hamiltonian and the momentum are compared to forces in a certain static
problem. This gives a palpable physical meaning to some seemingly abstract concepts and theorems.
With minimal prerequisites consisting of basic calculus and basic undergraduate physics, this book
is suitable for courses from an undergraduate to a beginning graduate level, and for a mixed
audience of mathematics, physics and engineering students. Much of the enjoyment of the subject




lies in solving almost 200 problems in this book.

calculus of variations and optimal control theory: The Calculus of Variations and Optimal
Control Theory Kuro Aksara, 2024-06-14

calculus of variations and optimal control theory: Constrained Optimization in the Calculus
of Variations and Optimal Control Theory John Gregory, C. Lin, 2012-09-17 A major problem in
current applied mathematics is the lack of efficient and accurate techniques to solve optimization
problems in the calculus of variations and optimal control theory. This is surprising since problems
occur throughout many areas of applied mathematics, engineering, physical sciences, economics,
and biomedicine. For instance, these techniques are used to solve rocket trajectory problems,
current flow problems in electronics manufacturing, and financial risk problems in investing. The
authors have written a unique book to remedy this problem. The first half of the book contains
classical material in the field, the second half unique theoretical and numerical methods for
constrained problems.

calculus of variations and optimal control theory: Introduction to Optimal Control Theory
Jack Macki, Aaron Strauss, 2012-12-06 This monograph is an introduction to optimal control theory
for systems governed by vector ordinary differential equations. It is not intended as a state-of-the-art
handbook for researchers. We have tried to keep two types of reader in mind: (1) mathematicians,
graduate students, and advanced undergraduates in mathematics who want a concise introduction
to a field which contains nontrivial interesting applications of mathematics (for example, weak
convergence, convexity, and the theory of ordinary differential equations); (2) economists, applied
scientists, and engineers who want to understand some of the mathematical foundations. of optimal
control theory. In general, we have emphasized motivation and explanation, avoiding the
definition-axiom-theorem-proof approach. We make use of a large number of examples, especially
one simple canonical example which we carry through the entire book. In proving theorems, we
often just prove the simplest case, then state the more general results which can be proved. Many of
the more difficult topics are discussed in the Notes sections at the end of chapters and several major
proofs are in the Appendices. We feel that a solid understanding of basic facts is best attained by at
first avoiding excessive generality. We have not tried to give an exhaustive list of references,
preferring to refer the reader to existing books or papers with extensive bibliographies. References
are given by author's name and the year of publication, e.g., Waltman [1974].
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